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582. 


NOTE ON THE THEORY OF PRECESSION AND NUTATION. 


[From the Monthly Notices of the Royal Astronomical Society, vol. XXXV. (1874—1875), 
pp. 340—343.] 


We have in the dynamical theory of Precession and Nutation (see Bessel’s Funda- 
menta (1818), p. 126), 


dp K. / AT AEE 
OF + (B - A) qr = LS (wy — ay) dw (X7 S) 


dq g 5 j AAE AC. i 
Aa +(C — B) rp = LS (y'z — yz’) dm (5-a) 


dr , , , 1 1 
B t(A-C) pg = LS (za — 20’) dm (5-a) 


where ŽL is the mass of the Sun or Moon, æ, y, z the coordinates of its centre referred 
to the centre of the Earth as origin, 
r= + y? + 2°, 
the distance of its centre, and 
A=V(e- aw) + (y -yf + (2-Zy, 
the distance of its centre from an element dm’, coordinates (a’, y’, 2’) of the Earth’s 
mass, the sum or integral S being extended to the whole mass of the Earth—I have 
written dm’, r for Bessel’s dm, 7,—, we have 
A? = 7° — 2 (wg + yy’ + 22’) + 2? + y+ 2; 
and thence 


1 


1 r A Ke / , 
B an (er + yy +e) tt yf + e) (ey e) 5 (cx + yy’ + 22’)} + ete. 
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The principal term is the first one, 
3 , Ul / 
z (we + yy’ + 22’); 
but Bessel takes account also of the second term, 
— E [a + y + 2°) (a? + y? +2) 5 waw + yy’ + Y), 


viz. considering the Earth as a solid of revolution (as to density as well as exterior 


form), he obtains in regard to it the following terms of sin o SY and = respectively ; 


BL 1 
4r* Cn 
_3L 1 
474 On 


.2(C— A) K (5 sin? è — 1) cos 6 sin a, 


. 2 (0 — A) K (5 sin? è — 1) cos 6 cos a, 


where 
2(C—A)K=S (3u — 5y*) 2rp RAR dp, 


K being in fact a numerical quantity, relating to the Earth only, and the value of 
which is by pendulum observations ultimately found to be =0°13603. 
Writing, for shortness, 
(a+ y+ 2°) (a + 2+ 2%) — 5 (aa + yy’ +27 P =O, 
dy 


i dw 
then the foregoing terms of sinw mn and di 


theorem that for any solid of revolution (about the axis of z) we have 
S(a'y—ay')Qdm', S(y/z—y2z)Qdm', 8S (Zw -— z) Adm 
= 0, 
sy (æ +y + 2 52) S [3 (a? + y” + 2”) — 52°] dw, 
— $ a (æ +y + 2 — 52) S [3 (a? + y? + 2%) — 52°] /dm, 


depend, as regards their form, on the 


respectively: viz. writing ° + y°+2°= R, and z = Rp, also e+y+2=r* and 
æ =r cos 6cosa, y=rcos sina, z=rsin 6, the values would be 
0, 
$ 7° cos ô sin a (1 — 5 sin? ô) S (3 — 5u’) pR%dm’, 
— 4 7° cos § sin a (1 — 5 sin? 8) S (3 — 5y*) wpRdn’, 
which are of the form in question. 


The verification is easy: the solid being one of revolution about the axis of z, 
any integral such as Sg'z?dm or Sæ'yz'dm which contains an odd power of # or of 
y is =0; while such integrals as Sx’*z’dm’, Sy°z'dm’ are equal to each other, or, what 
is the same thing, each =4S(x*+y")2dm’. That we have S(a’y—«ay’) Adm =0 is 

25—2 
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at once seen to be true; considering the next integral S(y'z— yz’) Odm’, the terms of 
(y'z — zy’) Q which lead to non-evanescent integrals are 


=y (e+ yt 2) (a? +y? +2"), 
— 5y'z . Qyzy’z’, 
+ 5y2! . (aa? + yy? + 22°); 
giving in the integral the several terms 
—y(@t+yt2)S (a? 4+ y’ +2") dm, 
— 10yz*.$ S (a? +y? + 22-2”) dm’, 
+ 5y(@+yt+e2—2). 4S (a? + y24+ 22-2) Zdm’, 
+ y2 Sz’ dn’, 
viz. collecting, the value is 
(-1+$=) §@+P+F) We? +y’ +z”) dm, 
(—$=)-— § (æ + y+ 2) yÈ dw, 
(— $5 =) — A y2'S (2° + y” + 2°) ddm, 
(+54+54+5=) + By2S82*dm ; 
which is 
= fty(@+7+2—52)8 [8 (ew? 4+ y? 4+ 27) — 52") 2d’; 
and similarly the last term is 
=—ta(e+y+2—52)8 [3 (a? + y” +2?) — 52°] “dm, 
which completes the proof. 
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